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SUMMARY

We propose a comprehensive program for safe autonomy in robotic systems, with a partic-
ular focus on aerial platforms. This program is organized across three complementary layers:
secure high-level control, safe trajectory planning under uncertainty, and computationally ef cient
low-level tracking. Preliminary work establishes a lightweight Newton—Raphson- ow tracking
controller with demonstrated -stability on a miniature blimp, achieving competitive performance
against PX4, feedback linearization, and nonlinear model predictive control across quadrotor and
lighter-than-air platforms. A second line of work develops RTD-RAX, a reachability-based trajec-
tory design and runtime assurance framework that combines of ine parameterized reachable sets
for rapid candidate generation with online mixed-monotone reachability veri cation and trajectory
repair, enabling safe planning under bounded disturbances while avoiding conservative planning.

Building on this foundation, the proposed work extends RTD-RAX to learned Gaussian process
disturbance models, transitions prior numerical ground-vehicle results to hardware, and proposes
extensions to aerial platforms with hardware validation. We also propose improved trajectory re-
pair strategies, and extending RTD-RAX from reach-avoid missions to more complex STL missions
by learning which control parameters map onto given STL speci cations. We further propose a
standalone learning-accelerated signal temporal logic framework that reduces reliance on repeated
mixed-integer linear program solves while preserving safety guarantees. Additionally, this work
proposes cyber-physical inoculation, in which fault signatures and certi ed backup controllers
expand a resilient safe operating envelope against adversarial attacks. Together, these proposed
contributions advance fast, ef cient, and resilient autonomy for safety-critical cyber-physical sys-

tems.

viii



CHAPTER 1
INTRODUCTION

1.1 Motivation

A drone in mid- ight may suddenly deviate from its intended trajectory, leaving only a narrow time
window to diagnose the anomaly and apply corrective action before failure becomes unavoidable.
Such deviations may arise from sensor degradation, actuator faults, environmental disturbances, or
adversarial cyber-physical interference, and must be detected and mitigated under strict real-time
constraints. Even after recovery, or in the aftermath of a failure, the need to identify root causes and
prevent recurrence remains critical for sustained deployment in safety-critical environments. As
aerial robotic systems are increasingly deployed in applications ranging from logistics and trans-
portation to emerging roles in defense, the importance of reliable and resilient operation continues
to grow. These challenges place aerial robotics at the intersection of control theory, real-time com-
putation, and cybersecurity, and motivate the development of methods that ensure safe and robust
operation under uncertainty.

Quadrotors, in particular, embody many of the challenges inherent to this domain. They are fast
and agile, yet underactuated, highly nonlinear, and open-loop unstable. Their operation requires
rapid response to disturbances, execution under strict onboard computational constraints, and ad-
herence to safety requirements that extend beyond stabilization or point-to-point navigation. In
addition, as their deployment expands, these systems must operate robustly in the presence of ad-
versarial cyber-physical threats. Together, these characteristics establish aerial robotic systems as a
natural platform for studying the interplay between control performance, computational ef ciency,
and resilient autonomy.

A central theme of this research program is a recurring practical observation: many of the most

effective control and planning methods for aerial vehicles are also among the most computationally



demanding. This tension creates a gap between methods that are theoretically attractive and those
that are practically deployable on real hardware, particularly in settings requiring high update rates,
limited computational resources, and online safety guarantees under uncertainty and adversarial

conditions. This dissertation proposal is organized around closing this gap.

1.2 A Pipeline for Safe Aerial Autonomy

The proposed dissertation develops a program for safe autonomy spanning three complementary
tiers. At the top of the stack, a high-level secure control layer addresses resilience against cyber-
physical attacks. Analogous to a biological immune response, this layer combines rapid real-time
diagnosis of faults, online recovery that steers the system back into a safe operating regime, and
inoculation: a principled accumulation of fault signatures and certi ed backup controllers that
progressively expand the resilient envelope against future, similar attacks. In the middle, a safe
trajectory planning layer generates obstacle-avoiding maneuvers under bounded disturbance using
reachability-based planning and runtime assurance. At the bottom, a computationally ef cient low-
level controller executes the planned maneuvers at high rates on embedded hardware with smooth

input saturation, freeing compute for the higher-level veri cation work.

1.3 Overview of Contributions

This research develops ef cient low-level control methods for aerial platforms operating under
tight onboard computational limits, nonlinear dynamics, and safety-critical constraints; enables
fast trajectory planning that achieves mission objectives while avoiding obstacles under uncer-
tainty; and maintains these capabilities in the presence of cyber-physical attacks through rapid
diagnosis, recovery, and continual improvement against evolving threats.

The rst part of this work, presented in Chapter 2, is motivated by the practical gap between
the performance demanded by agile ight and the computational burden imposed by many high-
end control frameworks. We focus on aggressive trajectory tracking for aerial vehicles using the

recently proposed Newton Raphson-based control strategy, and evaluate its performance against
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established alternatives, including the cascaded PX4 control architecture, Feedback Linearization,
and Nonlinear Model Predictive Control. Across both quadrotor and lighter-than-air platforms, the
results demonstrate that competitive tracking performance can be achieved with substantially lower
computational cost than current state-of-the-art approaches, making this approach attractive for
resource-constrained aerial platforms and high-rate onboard implementation. As part of this line
of work, we prove -stability for the Newton Raphson-based control law for a linearized miniature
blimp model within an Interval Signal Temporal Logic-based control framework. We further utilize
the Newton Raphson controller to free suf cient onboard compute for a higher-level trajectory
tracking and veri cation framework based on mixed monotonicity that computes forward-invariant
tubes via embedding systems and accounts for partially unknown dynamics using time-varying
Gaussian Process models.

The second part of this work, presented in Chapter 3, addresses real-time, safe trajectory design
for systems operating in environments with obstacles and uncertainty. We propose RTD-RAX, a
hybrid framework combining of ine pre-computed parameterized reachable sets for fast candidate
trajectory generation with a complementary fast, online uncertainty-aware reachable-set architec-
ture for safety veri cation. We reduce the conservatism traditionally used to guarantee safety
in Reachability-based Trajectory Design, thereby repositioning it as a fast candidate-trajectory-
generation layer; responsibility for safety veri cation of generated trajectories is shifted to an
online Mixed Monotone Reachability-based layer that incorporates uncertainty measurements into
its analysis. We also introduce trajectory-repair methods for unsafe candidates, ensuring safety
with respect to obstacles in the presence of bounded uncertainty.

Chapter 4 discusses the proposed work that builds on these foundations. Proposed contri-
butions include tighter coupling between the RTD-RAX optimization layer and the online reach-
able tube; extensions to richer disturbance models; a learning-accelerated signal-temporal-logic
pipeline that minimizes expensive mixed-integer program re-solves; investigations into cyber-
physical inoculation for adversarially resilient aerial autonomy; and implementation and evaluation

of a contraction-based neural-network controller on quadrotor hardware. Together, the completed



and proposed components establish a research program centered on fast, ef cient, and safe auton-

omy for cyber-physical systems, with a particular focus on aerial platforms.

1.4 Outline

Chapter 2 presents preliminary work on computationally ef cient control for aerial vehicles, with

a focus on Newton Raphson-based tracking and its application to systems operating under tight
onboard computational constraints. Chapter 3 introduces preliminary results on the RTD-RAX
framework for safe trajectory design with runtime assurance under bounded uncertainty. Chapter 4
details the proposed research program, including extensions to RTD-RAX, a learning-accelerated
STL pipeline, the contraction-based neural network controller, and the cyber-physical inoculation

agenda, followed by a section on hardware implementation collaborations.



CHAPTER 2
COMPUTATIONALLY EFFICIENT CONTROL FOR AERIAL VEHICLES

2.1 Introduction

Despite signi cant advances in trajectory planning and control for aerial robotic systems, a fun-
damental limitation remains: many high-performance control strategies require substantial time
and computational resources. This challenge is particularly pronounced on miniature aerial plat-
forms, where onboard compute is often limited. Indeed, while Nonlinear Model Predictive Control
(NMPC) has emerged as the state-of-the-art in quadrotor control, it has been noted that it may be
“impractical to run NMPC on some miniature aerial vehicles with a limited computational bud-
get” [1]. A substantial body of work has explored alternatives—LOR [2, 3], Differential Flatness-
based methods [4, 5], Htechniques [6, 7]—but many of these are still computationally complex,
require advanced reference-derivative information, or depend on detailed nonlinear-model knowl-
edge. The resultis a practical state-of-the-art that is divorced from the true research state-of-the-art
by being largely tethered to advanced P1D control [8, 9] approaches.

These observations motivate tracking control strategies that retain strong performance while
remaining computationally lightweight and broadly applicable across platforms. We investigate a
tracking control strategy based on the classical Newton Raphson (NR) root- nding algorithm [10].
Given a predictor that estimates the system state at a nite lookahead horizon, the control input is
updated via a uid- ow variant of the Newton Raphson iteration to minimize the difference be-
tween predicted and desired future outputs. Actuator limits and integrator wind-up are handled via
Integral Control Barrier Function (I-CBF)s [11], which extend classical CBFs to dynamic control
laws. The contributions of this line of work are threefold: (i) a computationally lightweight track-
ing framework based on NR ow suitable for real-time onboard deployment; (ii) effectiveness on

nonlinear, underactuated aerial systems—including quadrotors and blimps—through simulation



and hardware experiments, marking the rst successful deployment of NR ow control on real-
world underactuated and open-loop unstable platforms; and (iii) a comparative analysis against
PX4 [9], NMPC, and Feedback Linearization evaluating tradeoffs in tracking performance, com-
putational cost, and energy consumption. This work also showcases the NR controller's modularity
and low tuning requirements across systems, and develops open-source implementation code with

new computational tools.

2.2 Newton—-Raphson Flow Control

Consider a dynamical system

X(t) = f(x(t); u(®)); y(t) = h(x(1)); (2.1)

withx 2 R", u 2 R™, y;r 2 RP. Introduce a differentiable look-ahead predictor that maps the
current state and input to a future output: Y(t+ T) = (x(t); u(t)), under a zero-order hold on the

input over [t; t+T]. Applying the Newton Raphson method to this predictor yields the control law

1

U= SHOUE)  rEET) ) 22)

where > 0 is a speedup factor. The form (2.2) makes explicit three design decisions: the
choice of output coordinates, the construction of the predictor , and the tuning of T and . Along

nonsingular closed-loop trajectories the asymptotic tracking error satis es [10]
lim supkr(t) y(tk - (2.3)
t1

where ; captures the irreducible effect of imperfect prediction ande ects reference variation
and bounded perturbations attenuated by increasing .
-stability. To formalize the effect of the speedup parameter on the full closed-loop dynam-

ics, [10] introduces a notion of stability uniform in : the closed-loop system is -stable on a



compact set R ™™ f there exist 0 and class-K functions ; 1; , such that, for every
z(0) = [x(0) >;u(0)> T 2 , every reference r with bounded magnitude and bounded derivative,

and every
kz(thk (kz(O)k) + 1(krk1 )+ o(krk ); t O: (2.4)

Once exceeds, the same comparison functions bound the state and input uniformly. Moreover,

for bounded references with bounded derivatives, the asymptotic tracking error satis es
Ilim limsupkr(t) Ytk =0;
! t1

So increasing improves tracking performance without compromising boundedness. In practice,
however, the achievable accuracy is limited by the prediction mismatch: increasing suppresses
the ,= termin (2.3) but cannot remove the irreducible oox.

Sensitivity to the speedup parameter. To assess the sensitivity of the NR technique to , a sweep
over a wide range of values is conducted while holding all other parameters xed. As shown in
Figure 2.1, increasing beyond a moderate level yields only marginal improvements in tracking
accuracy: over a broad interval, the RMSE remains nearly constant, indicating that controller
performance is largely insensitive to the precise choice of within this region. Outside the depicted
range—nboth for suf ciently small and suf ciently large values—the closed-loop system becomes
unstable.

Smooth saturation. Because (2.2) prescribes the input derivative, safety constraints are nat-
urally posed on the augmented variable (x;u). We enforce input and state constraints through
I-CBFs, which perturb only the input-rate command minimally rather than clipping the input di-
rectly. This is especially important for aerial vehicles, where hard saturation can excite undesirable

transients, induce windup-like behavior, and compromise tracking performance.



Figure 2.1: Empirical sensitivity of tracking error to the controller-speedup factor associated
with the thrust input u.

2.3 Prediction Strategies

The central design choice in the Newton Raphson controller is the predictor . A predictor that
is too crude enlarges the irreducible error term in (2.3), whereas a highly accurate predictor can
become too expensive for real-time execution. The predictor designs considered in this work follow
a progression from simpli ed, pre-computed, closed-form approximations to nonlinear prediction
schemes that improve accuracy while preserving the update rates required by aerial platforms.
Simpli ed closed-form prediction. A central challenge in deploying the NR method onboard
aerial platforms is ensuring that prediction and Jacobian computation can be carried out fast enough
for each control iteration to meet a 100 Hz update rate under onboard computational constraints.
This challenge is especially relevant in our quadrotor hardware implementations, which rely on
an onboard Raspberry Pi and utilize a Python-based Robot Operating System 2 (ROS2) software
stack for real-time control and communication. The NR method performs remarkably well even
with predictors that use static, precomputed Jacobian inverses: under a small-angle approximation
of the quadrotor dynamics linearized about hover and a zero-order hold on the input over [t;t+T],
the predicted output reduces to $(t+T) = &x(t)+ C Bu(t) where &; B are precomputed of ine.
The online cost is limited to matrix-vector products, and the required model information reduces
to vehicle mass, gravitational constant, and the precomputed matrices.

Nonlinear prediction by numerical integration. When the simpli ed closed-form predictor



becomes too inaccurate, a more faithful alternative is to propagate the full nonlinear dynamics
directly over the look-ahead horizon. For the miniature blimp, the nonlinear model is propagated
with a xed-step RK4 integrator; because the blimp moves more slowly and is controlled at lower
rates than the quadrotor, the additional cost is acceptable and yields a more accurate look-ahead
model of the lightly damped translational and rotational dynamics. For the quadrotor, forward-
Euler propagation of the full nonlinear model is often suf cient when the controller sampling
period is short.

Compiled prediction and Jacobian evaluation. For nonlinear predictors the main computational
burden is not only state propagation but also repeated evaluation of the Jacobian @ =@u appear-
ing in (2.2). Two strategies are effective: Cython-compiled predictors with nite-difference Ja-
cobians [12], and JAX [13] Just-In-Time (JIT)-compiled predictors with forward-mode automatic
differentiation. Both shift the expensive numerical work out of the Python interpreter and make ac-
curate nonlinear propagation compatible with the update rates required for low-level aerial-vehicle
control.

Learning-based prediction. A complementary approach learns the output prediction map from
data while preserving the NR feedback structure: the model-based map is replaced by a neural-
network approximationyy (X; u; ) with learned parameters , and the inverse-Jacobian step is re-
alized with a pseudoinverse of the learned input Jacobian, improving robustness when the learned
map becomes poorly conditioned. Training uses supervision generated of ine from the full non-
linear dynamics under the same zero-order-hold assumption used by the controller, so the learned
predictor approximates the same prediction map that would otherwise be evaluated by numerical

integration.

2.4  -Stability for a Miniature Blimp

We now specialize the linear -stability result of [10, Section 4] to the hover linearization of the

miniature blimp used in this chapter. The vehicle is nonlinear, underactuated, and lightly damped,



but its motion near hover admits a useful local linearization [14, 15]. Let

> > >

x= > > 2RY%  u=f . f,f, , i Y= p op P =Cx; (2.5)

where collects body-frame translational and angular velocities and collects position and Euler-
angle coordinates. Linearizing the blimp dynamics about hover and zero yaw yields a system of
the form

X=Ax+Bu; (2.6)

This local model captures the dominant coupling between translational motion, restoring torques,
and the directly actuated forces and yaw torque used for tracking, as demonstrated in our work [16]

Recall from that the notion of -stability for the NR method, as introduced in [10], guarantees
that limy;  limsup,; kr(t) WYtk = 0, meaning that arbitrarily accurate tracking can be
achieved for a suitable class of reference signals by selecting suf ciently large. A closed-form
suf cient condition for -stability in linear systems is also established in [10, Section 4].

We now show that the local linearization of the Newton-Raphson controller for the blimp sat-
is es this condition, providing theoretical support for the strong tracking performance observed in

practice.

Proposition 1. Consider the linearized blimp model (2.6) with output y = Cx. Suppose that r()
is exogenous, bounded, and has a bounded, piecewise-continuous derivative. Consider Newton

Raphson Flow tracking with the predictor
Y1) = g(x(t);ut)) =Ce ATx(®)+CA 1 (T 1Bu(t): (2.7)
Then the resulting closed-loop linearized system is -stable. Consequently,
!Ilim Iirtr!llsup kr(t) y(tk =0: (2.8)

Proof. De ne the extended state z(t) := [x(f); u(t)>]”. Substituting (2.7) into the NR dynam-

10



ics (2.2) yields the linear closed-loop system
z) = z(@®)+ rit+T); (2.9)

where 2 3 2 3

A B 0
_§ £. = § £ (2.10)
JT) TCeT | J(T) !

and J(T) = %gx(t); u(t)). For the linear predictor (2.7), this reduces to J(T) = CA (e’T
1)B when A is nonsingular.

Following [10, Section 4], de ne the characteristic polynomial(§) = det(sl ), and
let Py(s) and Q(s) denote the associated -independent polynomials. For the hover linearization
and predictor (2.7), bothdps) and Q(s) have all roots in the open left-half complex plane. This
satis es the suf cient condition for -stability in the linear case. Since (2.7) corresponds to the
exact zero-order-hold predictor of the linearized system, the predicted output aligns with the true

output up to the look-ahead shift, yielding (2.8). O

Notably, this result holds even if the drift matrix A is singular, since the above construction
only requires that J(T) be nonsingular. Although this result is local, as it is derived from the
hover linearization, it nevertheless explains the observed behavior in practice: for trajectories that
remain near hover, increasing improves asymptotic tracking performance without compromising

closed-loop boundedness.

2.5 Hardware Comparative Analysis

We compare the Newton Raphson-based tracking controller (NRT) against established strategies
on two aerial platforms: a miniature blimp and a Holybro X500 V2 medium-sized quadrotor. For
the blimp, NRT is compared against Feedback Linearization [15] and NMPC; for the quadro-
tor, against a compiled acados [17] NMPC implementation (SQP-RTI with computational-delay

compensation [18]) as well as the native PX4 cascaded PID autopilot [9].

11



Blimp platform. The blimp is a radially symmetric, undermounted-thruster design for hori-
zontal holonomic control [14]; the gondola comprises six counter-rotating motors (two vertical,
four horizontal), an IMU, a motor board, and a Raspberry Pi Zero W. IMU and motion-capture
data from an OptiTrack system are streamed over WiFi to a Dell Precision 5570 laptop for state
estimation and control synthesis, and motor commands are relayed to the motor board via a base
station over a non-WiFi 2.4 GHz link.

Quadrotor platform. The quadrotor is a Holybro X500 V2 equipped with a Pixhawk 6X ight
controller. Onboard control computations run on a Raspberry Pi 4 Model B communicating with
the ight controller via serial through the ROS 2 APl and XRCE-DDS middleware; an OptiTrack
system provides motion capture data, which is fused with onboard sensor data via the ight stack’s
extended Kalman lIter. Leveraging the cascaded control architecture of the PX4 ight stack, rate-
control commands are sent to the innermost loop; this structure is highly sensitive to small input
variations, requiring tracking controllers to publish commands at rates of at least 100 Hz for ight

stability.

Figure 2.2: Blimp hardware: standard-trajectory comparison ( ight data in red, reference in blue).
Rows top-to-bottom: NRT, NMPC, FBL. The NRT achieves the lowest RMSE while consuming
approximately one order of magnitude less computation time than NMPC.

12



Figure 2.3: Quadrotor hardware: ight data in red, reference in blue. Top: NRT. Bottom: NMPC.
With transients included, the NRT is competitive with NMPC while using roughly one- fth the
per-iteration compute.

Table 2.1: Blimp hardware — per-trajectory tracking RMSE (bold = best).

Trajectory NRT [m] NMPC [m] FBL [m]

Circle A 0.079 0.141 0.193
Circle B 0.051 0.110 0.143
Lemniscate A 0.104 0.185 0.230
Lemniscate B 0.054 0.103 0.146
Lemniscate C 0.056 0.118 0.131
Helix A 0.072 0.077 0.113
Helix B 0.088 0.215 0.220
Circle C 0.101 0.403 0.384

The Newton Raphson-based technique is an order of magnitude faster than the FBL-based
controller, which is itself about half an order of magnitude faster than NMPC. Given a prescribed
control update rate of 40 Hz, the NRT and FBL-based controllers consistently meet the correspond-
ing 25 ms deadline necessary for low-level control of the blimp platform. Due to computational
constraints the NMPC controller does not meet its deadline, and tracking performance is conse-
guently degraded. An additional advantage of the Newton Raphson-based technique: for both
FBL and NMPC to achieve competitive tracking, it was necessary to enhance them with reference-
trajectory derivative information; the NRT, by contrast, was given only the desired trajectory with
no derivative information, yet its RMSE was between one-half and one-quarter that of the other
controllers.

For the quadrotor, NMPC attains lower steady-state error on clipped trajectories; however,

when transients are included the NRT remains competitive, and computation times for NMPC
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Table 2.2: Quadrotor hardware — per-trajectory tracking RMSE with transients included (bold =
best).

Trajectory NRT [m] NMPC [m]

Circle A 0.123 0.107
Circle B 0.123 0.152
Lemniscate A 0.122 0.113
Lemniscate B 0.152 0.105
Lemniscate C 0.145 0.173
Helix A 0.149 0.169
Helix B 0.189 0.180
Circle C 0.171 0.177
Sawtooth 0.045 0.060
Triangle 0.081 0.084

Table 2.3: Average CPU energy per controller iteration (blimp and quadrotor). NRT is the lowest
on both platforms.

Method Avg. CPU Energy [ J]

Blimp NRT 1:25 10 4 4:29 10 3
Blimp NMPC  2:04 10° 3:80 10 *
Blimp FBL 3:06 104 2:22 10 *
Quad NRT 1:73 104 7:78 10 3
Quad NMPC  6:15 10* 2:41 10 *

are generally 5.3-5.6 times larger than those of the NRT. The PX4 baseline, included for the ve
standard trajectories from [19], exhibits substantially higher RMSE than both the NRT and NMPC
across all test cases, underscoring the gap between the practical PID-based state-of-the-art and the
performance achievable by either the NRT or optimization-based approaches (Table 2.4).

Table 2.4: Quadrotor PX4 baseline RMSE (with transients) for the ve standard trajectories.

Trajectory PX4 RMSE [m]

Circle A 0.61125
Circle B 0.26644
Lemniscate A 0.18775
Lemniscate B 0.14833
Lemniscate C 0.22519

Full per-trajectory RMSE and computation-time tables are reported in [19, 20].
Unifying observation: across both platforms, NRT exhibits the lowest CPU energy expenditure

of all methods tested (Table 2.3). The structure of the NR method is highly modular; porting be-
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tween the blimp and quadrotor simply requires updating the vehicle dynamics within the predictor,
the iteration's update rate, and the |-CBF constraints for the platform’'s actuator limits. Together,
these results reinforce the central thesis of this chapter: the Newton Raphson-based tracking tech-
nique occupies a valuable middle ground between the tracking accuracy of optimization-based

methods such as NMPC and the computational ef ciency of classical PID architectures.

2.6 Integration into Larger Control Frameworks

The low computational footprint of the Newton Raphson controller is especially valuable when it
is embedded inside a larger autonomy stack. In such settings, the tracking controller is not the
only algorithm competing for computation time: optimization-based planners, runtime-assurance
mechanisms, learning modules, and reachability routines must all execute on the same platform.
A lightweight high-rate tracker can therefore play a structural role that goes beyond trajectory

following alone.

2.6.1 Temporal-LogicRuntimeAssuranceon a Miniature Blimp

One application of our work [16] couples the NR controller to a runtime-assurance layer that
enforces temporal-logic safety constraints on a miniature blimp. In that architecture, a high-level
optimization routine runs at a low rate and computes a safe backup state trajectory together with a
corresponding feedforward input sequence. Because the optimization is too slow to provide low-
level commands directly, the veri ed state sequence is interpolated with polynomial splines and
tracked at a much higher rate by the Newton Raphson controller.

This separation of timescales is essential on the blimp platform. The safety layer reasons over
a receding horizon and updates only intermittently, whereas the physical vehicle requires high-
frequency feedback for stable execution [15]. In a representative implementation, the runtime-
assurance block updates at 2 Hz while spline interpolation and Newton Raphson tracking operate
at 50 Hz. The tracking error of the low-level controller is folded back into the safety design through

an allowable tolerance ", and actuator limits are enforced during execution through |-CBFs rather
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Figure 2.4: Left: a nominal controller produces an unsafe trajectory for a miniature blimp (pink),
violating the constraint on time spent in the red region. A runtime-assurance mechanism instead
generates a safe trajectory (green) online under bounded disturbances. Right: the nominal policy
feeds a reference to the runtime-assurance block, which computes a minimally deviating safe tra-
jectory at 2 Hz, up-sampled via splines to 50 Hz, and tracked by the Newton Raphson controller.

than hard clipping [4, 11].

Forward-Invariant Tube Runtime Assurance Under Learned Disturbances

A second application in our work integrates the NR controller within a runtime assurance frame-
work based on forward-invariant tubes around reference trajectories. In this setting, a high-level
module estimates partially unknown disturbances online, constructs a tube that bounds tracking
error, and triggers replanning when the tube can no longer certify safe tracking. The Newton
Raphson controller serves as a computationally lightweight execution layer, enabling disturbance
estimation, tube computation, and replanning to proceed in parallel without violating real-time
constraints.

This architecture is particularly well-suited to quadrotors operating under strong disturbances.
Since body-rate commands must be updated at high frequency, the low-level controller cannot
dominate onboard computation. The Newton Raphson tracker enforces auxiliary objectives such
as planar motion and near-constant yaw, while the assurance pipeline computes updated tubes and
reference trajectories asynchronously. This enables learned disturbance models, online reachabil-
ity, and certi ed replanning to be integrated into a uni ed real-time system.

We validate this framework both in software-in-the-loop (SITL) simulation and on hardware.

In SITL, PX4 runs unmodi ed ight rmware within the Gazebo simulator, providing realistic
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(a) Planar multirotor model. (b) Hardware experiment setup in the Indoor Flight
Laboratory.

Figure 2.5: Experimental context for the quadrotor platform. Figure 2.5a shows the planar multiro-
tor model in an East-Down (Y —Z) inertial frame with horizontal position y, vertical position z, and
roll angle . The inputs are thrustun the direction perpendicular to the line segment connecting
the rotors and roll angle acceleratiop trigure 2.5b shows the hardware setup for experiments in
the Indoor Flight Laboratory at the Georgia Institute of Technology, where the quadrotor (blue),
tracked by a Vicon motion capture system (red), attempts to make a safe landing on the landing
pad (yellow) in the presence of wind generated by an industrial fan (green).

sensor, actuator, and communication dynamics. This setup allows evaluation under disturbance
conditions more extreme than those achievable in laboratory environments.

The system is modeled as a planar multirotor with state

inputs u (thrust) and d (roll rate), and unknown disturbancggtyz) and g(t; y). The dynamics

are
y=uj;sin +

g,(t;2) .
=

0 (t;y) (2.11)

2= U 1C0S +ag - :

— U »:
Reference trajectories are generated by linearizing (2.11) about equilibrium and applying an

LQR controller. The resulting (% u,) are used to compute the forward invariant tube.
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Table 2.5: SITL Computation Time Statistics

Computation Average (ms) Max (ms)
Joint Controller 0:0026 0:00069 0.00677
Invariant Tube 0:108 0:0059 0.134

Although the true SITL system is fully 3D with inputs u 2 “Rwe enforce planar motion
by regulating yaw and lateral position independently with the NR-based controller while an LQR
controller tracks (x; u;) through u and .

Real-time feasibility is critical: body-rate commands must be updated at approximately 100 Hz,
requiring the full pipeline—including control, tube computation, and replanning—to remain within
a 10 ms budget. As shown in Table Table 2.5, this requirement is satis ed, with tube computation
triggered only intermittently rather than at every control step. JAX-based just-in-time compilation
and the immrax library enable these computation speeds.

Hardware experiments are conducted indoors using a quadrotor subjected to fan-generated
wind disturbances (Figure Figure 2.5b). The vehicle takes off, navigates to a hover near the origin,
and then executes a landing, with disturbance magnitude increasing near the goal.

With wind estimation enabled, the system continuously updates a time-varying Gaussian pro-
cess model of the disturbance, which informs tube computation and trajectory replanning. As
shown in Figure Figure 2.6, the quadrotor successfully maintains hover and completes a safe land-
ing despite the disturbance.

In contrast, disabling disturbance estimation results in failure: the system assumes zero distur-
bance, leading to inaccurate tubes and insuf cient replanning. The vehicle is unable to counteract
the wind and fails to complete the mission. This highlights the critical role of online disturbance

learning in enabling safe operation under uncertainty.

2.7 Discussion

The results reinforce a single claim: the Newton Raphson-based tracking technique occupies a

valuable middle ground between the accuracy of optimization-based methods and the ef ciency
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